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In this paper we prove the following result: 
THEOREM. Let A1 ..... As be a family o f  subsets o f  an n = 3K § 1 
element set S so that there are no i, j ,  k with Ag n Aj = O, Ai  k.) A j  ~- A k . 
Then 
2K+l 
~=K+I 
This is a best result. 
Similar, but apparently not best results are obtained for n = 3K and 
n = 3K+2.  
PROOF OF THEOREM: Each A, which contains exactly m elements of S 
is disjoint from ('~")/-element subsets of S. For each such subset B both B 
and A~ u B cannot be in our family, by our hypothesis. Let X~ denote the 
number of A's which contain exactly m elements of S. We can conclude 
that 
Xm (n -- m) n -- X 1[l + m] n m 
l ~[ ( l+m)  ,+mj~ m ]+[ ( l )  X t ] (n - l )  
or  
n n 
Here the left-hand side X~ ('~5 m) counts the number of pairs (Ai ,  B) with 
[Ai] = m, [B] = l (the symbol IT] indicates the number of elements of T), 
while the corresponding right-hand side is the number of pairs (C, D) 
and (C, E) with [C] = m, [D] = /, and [El = m + l with D and E not 
among the A~'s. 
We can slightly improve these relations by noting that sets which are 
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not A's but whose complements are A's cannot be the complement of 
the union of two disjoint A's. We define yt and zz according to 
yz = ( l ) -- X~ = z~ + fi , 
with fi the number of I element subsets of S whose complements are A's 
but which themselves are not. If n = l + m + j a counting as above 
of pairs (Ai, B) and (As, C) with [Ai] = m, [As] = j, [B] = l, [C] ---- l, 
yields, by the observation above 
- (+;)  X~( n l m) + x,  (n -- j) ~ +l -[-Yz+, 
+z, [ ( . - , )  + (n- (~ 
which can be rewritten as 
or 
with 
/7 n 
2 ~ (Ym + Y~- . ) / (n )  -t- (y, + y~-,) / ( j  ) + (2zz + f i ) / ( l  ) 
/7 
I)" 
Form=K- -2s ,  s~> 1, we write 
n 
n +((~)/(k +s-~- l ) )  (yk+s+x -~ Yn-(~+s+l))~ 2(n)  'm 
and for m- - - -K=2S+ 1, S~ 1, we write 
n 
Summing these inequalities, along with 
1 n 
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yields 
y~-~ ~2k-1 ( j )  + (k) = ~'( )n + 3k+2 ( ) ~  n 
5=o j=o j=o J ~'=2k+2 J ' 
which is the desired result. 
Since the subsets of S containing K q- 1 or more but no more than 
2K + 1 elements form a family satisfying the hypothesized property,  
the result is a best one. 
For  n = 3K the best result is apparent ly 
2k+1 ?/ 
I=k  I-1 
Arguments of  the form above yield 
2k+a n 1 n 
I=k+l 
For  n = 3K q- 2 the best l imit seems to be 
2]c+1 
n 
Z=k§ 
while these arguments yield 
2k+l  H 1 
z 
l=k-}-i 
The author is indebted to P. ErdSs for suggesting this question. 
